The analysis of buildings under seismic motion with a flexible base must consider two principal aspects of structural displacement: the first, being structural deformation, the second, rigid body behavior. This effect produces a modification of the inelastic behavior of structures. In addition, a consideration of the flexible base may change the distribution of internal forces along the structure that could generate variations in the ductility demands on different structural elements. This article summarizes the results of previous studies on variations in the inelastic behavior of steel and reinforced concrete structures, taking dynamic soil structure interaction into consideration. The response of buildings with a flexible base is compared and contrasted with those with rigid bases. The inelastic behavior of buildings is set out in terms of ductility capacity and demands. Pushover analysis is used to establish inelastic capacity parameters by comparing the capacity curves of buildings with rigid (fixed) and flexible bases. Some comments and general guidelines are made about how base flexibility influences the inelastic behavior of structures.
Introduction
The inelastic behavior of structures has become a fundamental aspect of seismic design. It is essential to be able to predict the inelastic deformations of structural elements under seismic motion. Since demands can only be computed by a nonlinear time history analysis of the fully designed structure in conjunction with a specific seismic motion, alternative methods must be used for design procedures. The response spectrum method is by far the most commonly used approach to computing force and deformation demands. For inelastic analysis, the use of the inelastic response spectrum of uniform ductility demand allows us to establish the yield strength required by the structure to control global ductility demand. With this approach, it is possible to choose the maximum ductility demand desired on the structure and then establish the required yield strength. Once the yield strength and maximum ductility demand have been defined, the designer must ensure that the structure will be capable of resisting these demands. The structure's strength and ductility capacity should be greater than demand. Building codes around the world use the well-known approach of yield strength reduction factors (R μ ).
First, the designer chooses the maximum ductility demand desired on the structure ( μ) and then the associated R μ is computed. The relationship between μ and R μ depends on the structure's dynamic properties
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and the characteristics of the input motion.
1 With R μ values, the acceleration demands computed from the elastic response spectrum are reduced, so the required structural strength is defined. Most of the ideas and hypotheses for this method were developed for systems whose supports are fixed. In addition, response spectrums are built with the maximum responses of Single Degree of Freedom systems (sdof). The ratio between R" and μ is computed with sdof systems as well. Under these conditions, all structural responses are represented by a single displacement. The entire displacement of the system is associated with structural deformation, so ductility is defined as the ratio between maximum and yielding displacements.
However, in some cases, the stiffness of the soil foundation system is not enough to constitute a fixed base, so a relative displacement is produced between the foundation and the surrounding soil. Soil structure system displacement includes two principal elements, one the result of structural deformation (u) and other of rigid body behavior (u 0 and θ ) as shown in figure 1. The interaction between the soil and the foundation can modify the structure's dynamic properties, excitation characteristics and soil behavior. Those modifications which arise from the joint performance of the soil and the foundation are defined as Dynamic Soil-Structure Interaction (dssi).
In general, dssi is calculated through the modification of the structural period (lengthening) and the damping produced by system flexibilization.
2 The structure will therefore be subjected to a modified spectral acceleration demand. Several building codes 3 use the base shear variation associated with the spectral acceleration shift to compute changes in the remaining response quantities (e.g. displacements, element forces, etc). Nevertheless, the presence of rigid body displacement elements modifies the relationship between μ and R μ .
Since the response spectrum method is based on the response of sdof systems, the approach for flexible base structures using the response spectrum must represent the soil structure system with an 2 John P. Wolf, Dynamic Soil-Structure Interaction (Prentice Hall, 1985) . 
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Equivalent Single Degree of Freedom system (esdof). Previous studies had characterized the modifications introduced by the flexible base using the concept of an equivalent system with a single degree of freedom (esdof).
4 They established the equivalent properties of a single degree of freedom system (fundamental period, damping ratio and ductility) that may reproduce the inelastic response of a multi-degree system with a flexible base. This approach is the one used in several building codes that account for the dssi.
5 Equivalent ductility ( ) is defined as the ratio of the maximum (ũ u ) and yield displacement (ũ y ) of the esdof (equation 1).
This ductility can be computed as a function of the fundamental period and the ductility of the system with a fixed base (T and μ) and the equivalent period (T ) with equation 2. This assumes that the esdof behaves as a perfectly elastoplastic system without considering post-yielding stiffness. In redundant systems, where many elements contribute to lateral stiffness, capacity curves show a progressive yield, which must be modeled as a bilinear system with post-yield stiffness. The effect of displacement elements due to rigid body behavior on the inelastic branch will be smaller, but not null, as for an elastoplastic model.
6
Equivalent ductility always yields smaller values than with a fixed base. This does not mean that a structure with a flexible base has a reduced inelastic capacity, as commonly misunderstood. The ductility factor must be corrected due to the modification of the relationship between the yield strength reduction factor (R μ ) and the ductility factor (μ ) produced by base flexibility. If elastic forces are reduced by the fixed base yield strength reduction factor without any correction, ductility demands on a structure with a flexible base may be increased. 
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The use of an esdof is very useful and yields good results in many cases. Since just one degree of freedom is used, this procedure implicitly considers the modifications introduced by base flexibility in all structural responses throughout the structure to be linearly equivalent. However, studies have shown that, in some cases, the representation of a flexible base system with multiple degrees of freedom with an ESDOF may not yield good results.
8
Equivalent ductility can be computed from the capacity curve of structures with a flexible base.
9 This article summarizes the results of prior studies conducted by the author and others on the inelastic behavior of buildings with fixed and flexible bases in order to show the main changes in equivalent ductility and the influence of post-yield stiffness. The capacity curves of buildings with fixed and flexible bases are presented. These curves are computed in two different ways. First, the total displacement of the soil structure system is considered (u), including rigid body elements (u 0 and Θ). This set of results is used to compute equivalent ductility. Capacity curves are then computed using only the displacement associated with structural deformation (u) to determine if the structure's inelastic parameters are modified by base flexibility due to P-Δ effects. Results for braced steel frame buildings and reinforced concrete frame buildings are presented.
The influence of post yield stiffness on equivalent ductility
The relationship between R μ and μ is determined by the percentage of the total displacement produced by rigid body behavior for yield and maximum displacement.
10 Since inelastic displacements are only related to u, the ratio between displacement produced by rigid body elements (u 0 and Θ) and u is different for yield and maximum displacement. In order to take this effect into consideration, Fernández Sola and Huerta Écatl have proposed the following procedure: 11 using equation 1, the maximum displacement of esdof system ductility (ũ u ) is expressed as equation 3. To compute the ductility of the structure ( μ), only the displacement produced by structural deformation should be considered. Consequently, the relationship between ESDOF system ductility with a flexible base ( ) and ductility in the structure (μ) can be defined as equation 6: 
12
Equivalent ductility from capacity curves Equivalent ductility ( ) can be computed from the capacity curves of the soil-structure system using total displacement as the displacement of the ESDOF system (u). Results for three different types of structures are presented.
First, the results reported by Fernández Sola, Tapia Hernández and Dávalos Chávez 13 correspond to the inelastic behavior of individual braced steel frames with one and two braced bays and unbraced frames. All frames are part of the same building. Three different buildings of 8, 12 and 16 storeys are analyzed. All buildings are built on a soft clay layer with a shear wave velocity of Vs=65 m/s. Two types of foundations are used for each building, one that consists of a mat foundation and the other of frictional piles. 14 12 Áviles and Pérez Rocha, "Use of Global Ductility for Design of Structure Foundation System."
13 Fernández Sola and others, "Respuesta inelástica de marcas de acero con interacción inercial suelo-estructura."
14 See: Fernández Sola and others, "Respuesta inelástica de marcos de acero con interacción inercial suelo-estructura." 
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Capacity curves built with total displacement (u) are shown in figure  2 for the unbraced frames of the 8 and 16 storey buildings. As expected, frames with dssi effects are more flexible. This means that ũy and ũu are larger than for the fb. For the 8 storey building, the pile foundation is stiffer than the mat foundation. The opposite happens for the 16 storey building. Yield and maximum base share are very similar for the frames with fb and dssi, so for these cases, base flexibility does not influence overall resistance.
Values for are shown in table 1. These values are computed using bilinear primary capacity curves ( cc ). Yield displacement is defined at the intersection of elastic and inelastic branches. Fernández Sola, 15 report that the overstrength factors for these frames are 1.07 and 1.10 for the 8 and 16 storey frames respectively. This means that both frames behave almost as perfect elastoplastic systems. From the results seen in table 1, it can be seen that, as the base becomes more flexible (mat foundation for the 8 storey frame and pile foundation for the 16 storey frame), values get smaller. Since the frames presented behave almost as elastoplastic systems with very low post-yield stiffness, the values computed from capacity curves are very similar to the values computed using equation 2 ( eq2 ).
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In order to compare the ductility of the structure (μ), capacity curves are computed using the displacement associated with the deformation of the structure (u). These curves are shown in figure 3. Capacity curves are very similar for the three booth frames. This indicates that the inelastic behavior of the structural system is basically unchanged by base flexibility, that is, if the strength reduction factor is defined by , the ductility of the structural system is the same for all cases. This is the reason for using values to compute R μ . There are some very small differences in frame resistance. Frames with a flexible base experience a reduction of maximum base shear values. In addition, a dropdown in terms of the elastic stiffness of frames with DSSI is observed. This can be associated with the amplification of P-Δ effects produced by base flexibility. 16 Fernandez Sola and others, "Respuesta inelástica de marcas de acero con interacción inercial suelo-estructura."
In order to study the potential strength and stiffness reduction produced by the amplification of P-Δ effects, a parametric analysis was performed. The capacity curves of the 16-storey frame with a pile foundation were computed using extremely reduced values of soil foundation system stiffness. These values are unreal and are used to amplify P-Δ effects. Figure 4 shows the capacity curves computed with u using 100%, 20% and 5% soil pile foundation stiffness. Similar results for the other cases can be found in Fernadez Sola, Tapia Hernández and Dávalos Chávez 16 Drastic base stiffness reduction produces a reduction in elastic stiffness and yield base shear. It is worth remembering that these capacity curves show only the deformation of the structure without rigid body Luciano Roberto Fernández Sola | Dossier elements. These effects are produced by the increase of P-Δ effects due to the amplification of the relative displacement between the ends of the columns produced by base rotation. These effects have been examined in single steel columns in previous studies.
17
17 Sergio Ermenegildo Jacinto and Luciano Roberto Fernández Sola, "Influencia de los efectos P-Delta al considerar base flexible (ise) en columnas deacero," (xx Congreso Nacional de Ingeniería Sísmica, Mexico, 2015).
18 Juan E. Huerta Écatl, "Evaluación de la interacción dinámica suelo-estructura en el In order to show the influence of overstrength on the inelastic behavior of systems with a flexible base, the results presented by Huerta Écatl and Fernández Sola 18 are shown. In this study, a 10 storey building with reinforced concrete (RC) frames and a mat foundation is used. Three different soil stiffness values are considered (Vs=70, 100 and 250 m/s). Again, capacity curves with total displacement (ũ) and with structural deformation (u) are computed (figure 5). In this study, results are obtained for the whole building and not for individual frames.
For the steel frames presented previously, as the soil becomes more flexible, ũ u and ũ y values become higher. The variation in the relationship between ũ u and ũ y produces changes to . When the deformation of the structure is analyzed, capacity curves for all soil conditions 19 Details on the role of each displacement element can be found in Huerta Écatl, "Evaluación de la interacción dinámica suelo-estructura en el comportamiento inelástico de un edificio de concreto reforzado."
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20 See: Huerta Écatl, "Evaluación de la interacción dinámica suelo-estructura en el comportamiento inelástico de un edificio de concreto reforzado." are nearly identical. In this case, differences among capacity curves for fixed and flexible bases computed with structural deformation (u) are smaller than those for steel frames. This is expected, since P-Δ values are expected to be less important on RC frames. On the other hand, these systems develop greater overstrength factors than steel frames, around 1.25. As for the steel frames, table 2 shows that, as the soil becomes more flexible, values are lower. In addition, it can be seen that μ̃ values computed using an elastoplastic model ( eq.2 ) yield lower values than those computed directly from capacity curves ( CC ) due to the post-yield stiffness of the structure. When is computed taking into consideration the overstrength of the structure ( eq.6 ), values are similar to those computed directly from the capacity curves. From these results, it is clear that elastoplastic models can overestimate changes in ductility due to base flexibility.
21

Hernández Torres
22 studied the inelastic behavior of steel buildings with braced frames at different heights (4, 7 and 10-storey) with both fixed and flexible bases. Mat foundations on a soft soil of V s =80 m/s were used. Capacity curves considering total displacement (ũ ) are shown in figure 6 . This analysis is performed for the whole building and not for individual frames.
23 In these cases, the higher the structure, the larger the dssi effects. Similar effects to those from the previous results can be observed. These structures develop large overstrength factors. μ values computed from capacity curves ( 67.9 ), equation 2 ( 55 ) and equation 6 ( 67.-) are shown in table 3. 23 Fernández Sola and others, "Respuesta inelástica de marcas de acero con interacción inercial suelo-estructura". Table 3 -Equivalent ductility (μ) computed from capacity curves (μ̃5 5 ), Equation 2 (μ̃6 7.-), and Equation 6 (μ̃6 7.9 ).
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As for all previous cases, equivalent ductility ( ) is lower than structural ductility ( ). Since these buildings exhibit significant post-yield stiffness, equivalent ductility computed with the elastoplastic model ( eq.2 ) yields lower values than those computed directly from capacity curves ( CC ). Equation 6 predicts equivalent ductility better since it explicitly takes post-yield stiffness into account.
Final remarks
This article has presented a summary of studies of the inelastic behavior of flexible base systems and explored the use of equivalent ductility ( ) for the inelastic design of structures with dynamic soil structure interaction effects (dssi) with the response spectrum method. The relationship between the yield strength reduction factor (Rμ) and structural ductility (μ) is modified by dssi. Since the response spectrum method is based on the response of single degree of freedom systems, the use of is necessary in order to keep μ demands within design values.
Post-yield stiffness plays an important role in variations. Procedures included in building codes are based on a perfect elastoplastic equivalent system. values computed with this procedure tend to be lower than those computed for systems with post-yield stiffness.
Equivalent ductility can be computed directly from the systems' capacity curves. Results for individual steel frames, reinforced concrete (RC) buildings and steel buildings with braced frames are shown. Capacity curves are computed with two sets of results: one using the complete system displacement, including rigid body displacements, and one using only the deformation of the structure. μ values are computed with the first set of results and μ values are computed with the second set of results.
It has been confirmed that the value is smaller than the μ value for all cases with dssi effects. Elastic stiffness is always reduced by base flexibility. Yield and maximum base shears and overstrength factors are very similar. On the other hand, capacity curves that only take structural deformation into consideration are almost entirely unmodified by dssi Luciano Roberto Fernández Sola | Dossier effects. Very small reductions in elastic stiffness and strength can be noticed on steel frames, a product of P-Δ effects.
When structures exhibit post-yield stiffness, μ values computed with elastoplastic models are lower than those computed directly from capacity curves. On the other hand, μ values computed with equations that take structural overstrength into consideration are very close to those computed directly from capacity curves. Engineering (2007 and 2011, respectively) with a specialization in structural engineering from the National Autonomous University of Mexico (unam), graduating with an honorable mention on both of the latter occasions.
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